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Minimize $f(x)$ (1)
subject to $\varphi(x)$
$\varphi$ (feasible region), $f$
(feasible objective region), $f$ $x$ (optimal
solution), (optimal value)
$\theta=(\theta_{1}, \ldots, \theta_{m})$
Minimize $f(x, \theta)$ (2)
subject to $\varphi(x, \theta)$
(optimal value func-
tion) (polynomial
optimization problem) $\varphi(x, \theta)$
$\nwarrow$
22
(Quantifier Elimination: QE) $\exists,$ $\forall$
(first-order formula) ( $\wedge,$ $\vee$ )
$\exists x(x^{2}+bx+c=0)$





















subject to $\sum_{i=1}^{4}x_{i}^{2}\leq 1$ ,
$x_{i}\geq 0(i=1, \ldots, 4)$
$y$
$\exists x_{1}\exists x_{2}\exists x_{3}\exists x_{4}(y=\sum_{i=1}^{4}x_{i}\wedge\sum_{i=1}^{4}x_{i}^{2}\leq 1\wedge x_{1}\geq 0\wedge x_{2}\geq 0\wedge x_{3}\geq 0\wedge x_{4}\geq 0)$




Problem $P(\theta),$ $\theta\geq 0$ :
Minimize $-x_{1}-\theta$
subject to $x_{1}\geq 0\wedge x_{1}^{2}+\theta^{2}\leq 1$
$\exists x_{1}(y=-x_{1}-\theta\wedge x_{1}\geq 0\wedge\theta\geq 0\wedge x_{1}^{2}+\theta^{2}\leq 1)$
$QE$ $x_{1}$
$\psi_{Feasible}(\theta, y)\equiv y^{2}+2\theta y+2\theta^{2}\leq 1\wedge y\leq\theta\wedge 0\leq\theta\leq 1$
1 $\psi_{Feasible}$
$\psi_{Feasible}(\theta, y)$ A $\neg\exists z(\psi_{Feasible}(\theta, z)\wedge z<y)$
$=$ $\forall z(\psi_{Feasible}(\theta, y)\wedge(\psi_{Feasible}(\theta, z)arrow(z\geq y)))$
$=$ $\forall z(y^{2}+2\theta y+2\theta^{2}\leq 1\wedge y\leq\theta\wedge 0\leq\theta\leq 1\wedge((z^{2}+2\theta z+2\theta^{2}\leq 1\wedge z\leq\theta)arrow(z\geq y)))$
$z$














2.4 Cylindrical Algebraic Decomposition
Cylindrical Algebraic Decomposition (CAD) [4] 1975 G. E. Collins
(cell)
CAD QE
CAD (projection phase), (base phase), (lifting phase)
3 $F_{r}\subset \mathbb{Q}[x_{1}, \ldots, x_{r}]$
$\{F_{i}\}_{i=1,\ldots,r-1}$ $F_{i+1}\subset \mathbb{Q}[x_{1}, \ldots, x_{i+1}]$







$D_{k+1}$ $(k=1, \ldots, r-1)$ . CAD
(sample point)
2 CAD 3
$F_{r}\subset \mathbb{Q}[x_{1}, \ldots, x_{r}]$ $arrow$ $\mathbb{R}^{r}=\lfloor\lrcorner C^{(r)}$
$\downarrow$ projection $\uparrow$ lifting
$F_{r-1}\subset \mathbb{Q}[x_{1}, \ldots, x_{r-1}]$ $\mathbb{R}^{r-1}=uC^{(r-1)}$
$\downarrow$ projection $\uparrow$ lifting
: :.
$\downarrow$ projection $\uparrow$ lifting
$F_{2}\subset \mathbb{Q}[x_{1}, x_{2}]$ $\mathbb{R}^{2}=uC^{(2)}$
$\downarrow$ projection base $\uparrow$ lifting
$F_{1}\subset \mathbb{Q}[x_{1}]$ $arrow$ $\mathbb{R}^{1}=[sqcup] C^{(1)}$
2: Flow of CAD
CAD QE
$\mathcal{Q}_{q}x_{q}\mathcal{Q}_{q+1}x_{q+1}\cdots \mathcal{Q}_{r}x_{r}(\psi(x_{1}, \ldots,x_{r}))$
$\mathcal{Q}_{i}\in\{\exists, \forall\}(i=q, q+1, \ldots, r)$ $\psi$
CAD $\psi$ $C$
$C$ (true cell)







$C$ $B_{1}<\cdots<B_{p}$ $C\cross \mathbb{R}$ $F_{k+1}$
$C_{1}$ $=$ $\{(\alpha_{1}, \ldots, \alpha_{k}, \alpha_{k+1})|(\alpha_{1}, \ldots, \alpha_{k})\in C, \alpha_{k+1}<B_{1}\}$
$C_{2}$ $=$ $\{(\alpha_{1}, \ldots, \alpha_{k}, \alpha_{k+1})|(\alpha_{1}, \ldots, \alpha_{k})\in C, \alpha_{k+1}=B_{1}\}$
$C_{3}$ $=$ $\{(\alpha_{1}, \ldots, \alpha_{k}, \alpha_{k+1})|(\alpha_{1}, \ldots, \alpha_{k})\in C, B_{1}<\alpha_{k+1}<B_{2}\}$
$C_{4}$ $=$ $\{(\alpha_{1}, \ldots, \alpha_{k}, \alpha_{k+1})|(\alpha_{1}, \ldots, \alpha_{k})\in C, \alpha_{k+1}=B_{2}\}$
$C_{5}$ $=$ $\{(\alpha_{1}, \ldots, \alpha_{k}, \alpha_{k+1})|(\alpha_{1}, \ldots, \alpha_{k})\in C, B_{2}<\alpha_{k+1}<B_{3}\}$
$C_{2p-1}$ $=$ $\{(\alpha_{1}, \ldots, \alpha_{k}, \alpha_{k+1})|(\alpha_{1}, \ldots, \alpha_{k})\in C, B_{p-1}<\alpha_{k+1}<B_{p}\}$
$C_{2p}$ $=$ $\{(\alpha_{1}, \ldots, \alpha_{k}, \alpha_{k+1})|(\alpha_{1}, \ldots, \alpha_{k})\in C, B_{p}=\alpha_{k+1}\}$
$C_{2p+1}$ $=$ $\{(\alpha_{1}, \ldots, \alpha_{k}, \alpha_{k+1})|(\alpha_{1}, \ldots, \alpha_{k})\in C,\alpha_{k+1}>B_{p}\}$
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QE (3) (4) 2 QE
(3) (2) CAD

















Input: Minimize $f(x, \theta)$ subject to $\varphi(x, \theta)$
Output:
1: $\psi=\exists x(y=f(x, \theta)\wedge\varphi(x, \theta))$
2:
3. $Larrow \mathcal{D}_{1}$
4: while $L$ do
5: $c_{i}arrow L$ $L$ $c_{i}$
6. if $c_{i}$ then
7: $c_{i}$ $L$
8: partial CAD $c_{i}$ $\psi$
9: $c_{i}$
10: else if (ci ) (ci $m+1$ ) then
11: for $c_{j}\in$ { $ci$ }do
















Intel(R) Core(TM) i3 CPU U3301.20 GHz, 2.92 GByte
3
$[10J$ :
Problem $P(\theta),$ $-\infty<\theta<\infty$ :
Minimize $g(x_{1}, x_{2}, \theta)\equiv 45\theta^{2}+80\theta x_{1}+120\theta+x_{2}-43x_{1}^{2}-70x_{1}x_{2}-78x_{2}^{2}$
subject to $\theta\geq x_{1}+x_{2},$ $x_{1}\geq 0,$ $x_{2}\geq 0$ ,
$15\theta\geq 10x_{1}+19x_{2}+1000000$.




$\psi_{jeasible}(\theta, y)\equiv$ $(3\theta\geq 20000\wedge 4y\leq 273\theta^{2}+1960480\theta-17200000000\wedge$
$y\geq 45\theta^{2}+120\theta)$ V $(312y\leq 14040\theta^{2}+37440\theta+1\wedge$
$361y\geq-1305\theta^{2}+234043605\theta-780001900000\wedge$
$2340\theta\geq 15600019)$ V $(43y\leq 3535\theta^{2}+5160\theta\wedge$
$312y\geq 14040\theta^{2}+37440\theta+1\wedge 49\theta\geq 860000)$ .
7.54 50,393
$\psi_{opt}(\theta, y)\equiv$ $( \frac{20000}{3}\leq\theta\leq\frac{7800019}{1170}\wedge y=45\theta^{2}+120\theta)\vee$




Problem $P(\theta_{1}, \theta_{2}),$ $-\infty<\theta_{1}<\infty,$ $-$ oo $<\theta_{2}<\infty$ :
Minimize $f(x_{1}, x_{2})\equiv x_{1}^{3}+2x_{1}^{2}-5x_{1}+2x_{2}^{2}-3x_{2}-6$
subject to $2x_{1}+x_{2}\leq 2.5+\theta_{1}$ ,
$0.5x_{1}+x_{2}\leq 1.5+\theta_{2}$ ,
$x_{1}\geq 0,$ $x_{2}\geq 0,0\leq\theta_{1}\leq 0.25,0\leq\theta_{2}\leq 0.25$ .
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$\exists x_{1}\exists x_{2}$ $(y=f(x_{1}, x_{2})\wedge 2x_{1}+x_{2}\leq 2.5+\theta_{1}\wedge$
$0.5x_{1}+x_{2}\leq 1.5+\theta_{2}\wedge$ (6)
$x_{1}\geq 0\wedge x_{2}\geq 0\wedge 0\leq\theta_{1}\leq 0.25\wedge 0\leq\theta_{2}\leq 0.25)$ .
(6) $QE$
$\psi_{feasible}(\theta_{1},$ $\theta_{2y)}\equiv$ $1728y^{2}+11056y-47349\leq 0$ A $y\leq 2\theta_{2}^{2}+3\theta_{2}-6\wedge$
$0 \leq\theta_{1}\leq\frac{1}{4}$ A $0 \leq\theta_{2}\leq\frac{1}{4}$ .
8603 325,613










DP $y,$ $z$ 2
$y\in \mathcal{Y}$ $Z$ $Z(y)$ 2
$f$ : $\mathcal{Y}\cross \mathbb{R}arrow \mathbb{R}$ $g$ : $\mathcal{Y}\cross Zarrow \mathbb{R}$
1
[8]$)$ $y\in \mathcal{Y}$ $f(y, .)$ : $\mathbb{R}arrow \mathbb{R}$
${\rm Max} f(y,{\rm Max} g(y, z))y\in \mathcal{Y}z\in Z(y)$
${\rm Max} f(y, g(y, z))$
$z\in Z(y)y\in \mathcal{Y}$
81
1 ( ) 2 2
(principle of optimality)







subject to $\sum_{i=1}^{4}x_{i}\leq 1$ ,
$x_{i}\geq 0(i=1, \ldots, 4)$
$DP$
Problem $P_{n}(c),$ $0\leq c<\infty$ :
Maximize $\sum_{i=1}^{n}\sqrt{x_{i}}$
subject to $\sum_{i=1}^{n}x_{i}\leq c$ ,
$x_{i}\geq 0(i=1, \ldots, n)$
$P_{n}(c)$ $v_{n}(c)$ $v_{n}(n=1, \ldots, 4)$
$v_{n}(c)= \max_{0\leq x_{n}\leq c}\{\sqrt{x_{n}}+v_{n-1}(c-x_{n})\}$ , $0\leq c<\infty$ , $n=2,3,4$ . (7)
(Bellman equation) $DP$ $(DP$
equation) (7)
$v_{1}(c)=_{0} \max_{\leq x_{1}\leq c}\sqrt{x_{1}}=\sqrt{c}$, $\pi_{1}^{*}(c)=c/1$ ,
$v_{2}(c)=_{0} \max_{\leq x_{2}\leq c}\{\sqrt{x_{2}}+\sqrt{c-x_{2}}\}=\sqrt{2c}$, $\pi_{2}^{*}(c)=c/2$ ,
$v_{3}(c)=_{0} \max_{\leq x_{3}\leq c}\{\sqrt{x_{3}}+\sqrt{2(c-x_{3})}\}=\sqrt{3c}$, $\pi_{3}^{*}(c)=c/3$,
$v_{4}(c)=_{0} \max_{\leq x_{4}\leq c}\{\sqrt{x_{4}}+\sqrt{3(c-x_{4})}\}=\sqrt{4c}-$ , $\pi_{4}^{*}(c)=c/4$ .
$\pi_{i}^{*}$
$i$ $x_{i}$ $c$










(multi-stage decision processes) $n$
: $i$ $x_{i}\in$ $u_{i}\in \mathcal{U}_{i}(x_{i})$
ci $(x_{i}, u_{i})$ $f$
$x_{i+1}=f_{i}(x_{i}, u_{i})$ $\mathcal{U}_{i}(x_{i})$ $i$
$x_{i}$
4 3
time: $0$ 1 2 3














cost: $c_{0}(x_{0},u_{0})$ $c_{1}(x_{1},u_{1})$ $c_{2}(x_{2}, u_{2})$ $c_{3}(x_{3})$
4:3
Problem $P(x_{0}),$ $x_{0}\in \mathcal{X}_{0}$ :
Minimize $\sum_{i=0}^{n-1}$ ci $(x_{i}, u_{i})+c_{n}(x_{n})$
subject to $x_{i+1}=f_{i}(x_{i}, u_{i})$ , $i=0,1,$ $\ldots,$ $n-1$ ,
$u_{i}\in \mathcal{U}_{i}(x_{i})$ , $i=0,1,$ $\ldots,$ $n-1$ .
$x\in$ $v_{0}(x)$ $P(x)$
$v_{0}$ : $\mathcal{X}_{0}arrow \mathbb{R}$
$v_{n}(x)=c_{n}(x)$ , $x\in \mathcal{X}_{n}$ , (8a)
$v_{i}(x)= \min_{u\in \mathcal{U}_{i}(x)}\{c_{i}(x, u)+v_{i+1}(x_{i+1})\},$ $x\in \mathcal{X}_{i},$ $i=0,$ $\ldots,$ $n-1$ (8b)
$=$ $\min$ $\{c_{i}(x, u)+v_{i+1}(f_{i}(x, u))\},$ $x\in \mathcal{X}_{i},$ $i=0,$ $\ldots,$ $n-1$ . (8c)
$u\in \mathcal{U}_{l}(x)$













Problem $P(x_{0}),$ $-$ oo $<x_{0}<\infty$ :
Minimize $u_{0}^{2}+u_{1}^{2}+u_{2}^{2}+100(x_{3}$ –1500 $)$ 2 (9a)
subject to $x_{1}=0.55x_{0}+0.45u_{0},$ $x_{2}=0.60x_{1}+0.40u_{1},$ $x_{3}=0.65x_{2}+0.35u_{2}$ , (9b)
$200\leq x_{1}\leq 400$ , $500\leq x_{2}\leq 1000$ , (9c)






5: Schematic diagram of the ceramic kiln




$v_{3}(x_{3})=100(x_{3}-1500)^{2}$ $(-\infty<x_{3}<\infty)$ . (10)
3
Problem $P_{2}(x_{2}),$ $500\leq x_{2}\leq 1000$ :
Minimize $u_{2}^{2}+v_{3}(x_{3})$
subject to $x_{3}=0.65x_{2}+0.35u_{2}$ ,
$0\leq u_{2}\leq 3000$ .
$x_{3}$ P2 $(x_{2})$
Problem $P_{2}’(x_{2}),$ $500\leq x_{2}\leq 1000$ :
Minimize $u_{2}^{2}+v_{3}(0.65x_{2}+0.35u_{2})$
subject to $0\leq u_{2}\leq 3000$ .
84
$P_{2}’(x_{2})$ $u_{2}$ $x_{2}$ CAD
$v_{2}(x_{2})=\{\begin{array}{ll}\frac{169}{4}x_{2}^{2}-58500x_{2}+29250000 (500\leq x_{2}\leq\frac{51000}{91})\frac{169}{53}x_{2}^{2}-\frac{780000}{53}x_{2}+\frac{900000000}{53} (\frac{51000}{91}<x_{2}\leq 1000).\end{array}$
$u_{2}^{*}$
$u_{2}^{*}=\pi_{2}^{*}(x_{2})=\{\begin{array}{ll}3000 (500\leq x_{2}\leq\frac{51000}{91})-\frac{91}{0^{r}3}x_{2}+\frac{210000}{53} (\frac{0^{r}1000}{91}<x_{2}\leq 1000).\end{array}$
2 $u_{1},x_{2}$ $x_{1}$
3 $v_{2}(x_{2})$
Problem $P_{1}(x_{1}),$ $200\leq x_{1}\leq 400$ :
Minimize $u_{1}^{2}+v_{2}(x_{2})$
subject to $x_{2}=0.60x_{1}+0.40u_{1}$ ,
$500\leq x_{2}\leq 1000$ ,
$0\leq u_{1}\leq 3000$ .
$x_{2}$ 1 1
Problem $P_{1}’(x_{1}),$ $200\leq x_{1}\leq 400$ :
Minimize $u_{1}^{2}+v_{2}(0.60x_{1}+0.40u_{1})$
subject to $500\leq 0.60x_{1}+0.40u_{1}\leq 1000$ ,
$0\leq u_{1}\leq 3000$ .





Problem $P_{0}(x_{0}),$ $-\infty<x_{0}<\infty$ :
Minimize $u_{0}^{2}+v_{1}(x_{1})$
subject to $x_{1}=0.55x_{0}+0.45u_{0}$ ,
$200\leq x_{1}\leq 400$ ,
$0\leq u_{0}\leq 3000$ .
$x_{1}$
Problem $P_{0}’(x_{0}),$ $-$ oo $<x_{0}<\infty$ :
Minimize $u_{0}^{2}+v_{1}(0.55x_{0}+0.45u_{0})$
subject to $200\leq 0.55x_{0}+0.45u_{0}\leq 400$ ,
$0\leq u_{0}\leq 3000$ .
85
P\’o $u_{0}$ CAD $x_{0}$
QE
CAD 1
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